We consider a directed version of Deza graphs. A digraph is said to be a Deza digraph if it is regular and the number of common out-neighbors of any two distinct vertices takes on at most two values. We introduce some constructions and develop some basic theory. In particular, constructions from Cayley digraphs, graph lexicograph products and graph directed products are described. Moreover, we characterize a family of normal Deza digraphs, and list all cyclic strictly Deza digraphs with at most six vertices. Finally, connections to weakly distance-regular digraphs are discussed, and all strictly Deza digraphs which are also weakly distance-regular digraphs with at most ten vertices are listed.
Introduction
A digraph Γ is a pair (X, R) where X is a finite set of vertices and R ⊆ X 2 is a set of arcs. We often write V Γ for X and AΓ for R. Γ is an undirected graph if R is a symmetric relation. If (x, y) ∈ AΓ , we say that x dominates y. The set of vertices of Γ dominated by x is said to be the out-neighbors of x, denoted by x + . The set of vertices of Γ dominating x is said to be the in-neighbors of x, denoted by x − . A digraph Γ is said to be regular of valency k if there exists a constant number k such that |x + | = |x − | = k for each vertex x of Γ . A path of length r from u to v is a finite sequence of vertices (u = w 0 , w 1 such that (w t −1 , w t ) ∈ AΓ for t = 1, 2, . . . , r . A path (w 0 , w 1 , . . . , w r ) is said to be a circuit of length r if w 0 = w r . The girth of Γ is the length of a shortest circuit, denoted by g (Γ ) . The number of arcs traversed in a shortest path from u to v is called the distance from u to v in Γ , denoted by ∂ (u, v) . Let Γ = (X, A) and Γ = (X , A ) be two digraphs. A bijection σ from X to X is an isomorphism from Γ to Γ if (x, y) ∈ A if and only if (σ (x), σ (y)) ∈ A . Throughout this paper we do not distinguish between two isomorphic digraphs, and use the term 'digraph' to mean a finite digraph with no loops.
For a digraph Γ , let A denote a square matrix of order |V Γ |, whose rows and columns are indexed by vertices of Γ such that
We say that A is the adjacency matrix of Γ . If A A t = A t A, then Γ is said to be normal. Let G be a finite group and let S be a generating subset of G not containing the identity element. We define the Cayley digraph Γ = Cay(G, S) of G with respect to S by
In 1999, Erickson et al. introduced Deza graphs as a generalization of strongly regular graphs, and developed the basic theory.
Note that if
Let Γ be a DDG with girth at least 3. If B or C is A + A t , then Γ is an NRD. Therefore, the concept of DDGs is a generalization of DGs and NRDs. A strictly DDG or SDDG for short is a DDG which is not a DG.
It is easy to see that we can get an equivalent definition of a DDG from a combinatorial viewpoint. A regular digraph Γ on n vertices is an (n, k, b, c)-DDG if, for any two distinct vertices u and v, |N u,v | = b or c, where
Let n ≥ 3. It is easy to check that both Γ 1 = Cay(Z 2n , {1, 2}) and Γ 2 = Cay(Z 2n , {1, n}) are (2n, 2, 0, 1)-DDGs. But they are not isomorphic because g(Γ 1 ) = g(Γ 2 ). Hence two non-isomorphic DDGs may have the same parameters. Now we give a way to construct a DDG from a DDG. Proof. Suppose A P + I is a (0, 1)-matrix. Let Γ be the digraph with adjacency matrix
The converse is obvious by our assumption that a digraph has no loops.
We next give some elementary constrains on the parameters of a DDG, which will be used in Section 3.
Then α and β do not depend on u and 
By above result, we can prove the non-existence of some DDGs. For example, (6, 4, 1, 2)-DDG and (6, 4, 1, 3)-DDG do not exist.
Let V be a vector space of dimension n ≥ 3 over a finite field G F(q). Suppose X denotes the set of all points in V and D denotes the set of all hyperplanes in V . Note that
-design, where
. By choosing suitable orders of vertices and blocks, the incidence matrix of the design may be the adjacency matrix of an
-DDG. Suppose Γ is an (n, k, b, c)-DDG with A, B, C as above. Let Γ B be a digraph with adjacency matrix B, and let Γ C be a digraph with adjacency matrix C. Since B and C are symmetric matrices, both Γ B and Γ C are undirected graphs. We call the two graphs Γ B and Γ C Deza children of Γ . In many cases, Deza children are DGs, so we can get some DGs from DDGs. Also, if two DDGs are isomorphic, their Deza children are the same. For each integer n at least 3, both Cay(Z 2n , {1, 2}) and Cay(Z 2n , {2, 3}) are nonisomorphic (2n, 2, 0, 1)-DDGs. But their Deza children are the same. Hence, two nonisomorphic DDGs may have the same Deza children.
In the rest of this paper, we first give a construction of DDGs from Cayley digraphs, and list all cyclic SDDGs with at most six vertices. In Section 3, some basic constructions from graph lexicographic products and graph directed products are introduced, and a characterization of normal (n, k, b, c)-DDGs with k = c is given. In Section 4, connections to weakly distance-regular digraphs are discussed, and all SDDGs which are also weakly distance-regular digraphs with at most ten vertices are listed.
A construction from Cayley digraphs
In this section, we give a construction of DDGs from Cayley digraphs, and list all cyclic SDDGs with at most six vertices. 
is a bijection from N x,y to R, and so |N x,y | = |R|. But the coefficient of yx −1 in S · S −1 is |R|. Hence the desired result follows. Table 1 Cyclic SDDGs with at most six vertices
The following result allows us to express sufficient and necessary conditions for a Cayley digraph to be a DDG in terms of the group ring. 
The converse is a directed consequence of Lemma 2.1 with x = e.
Remark. The result may be restated in term of the theory of difference sets.
By Theorem 2.2, it is easy to check that a Cayley digraph with valency 1 or 2 is a DDG. Γ is a (5, 3, 1, 2 )-DDG. Now we focus on cyclic DDGs, i.e., DDGs which are Cayley digraphs of cyclic groups. We list all cyclic SDDGs with at most six vertices in Table 1 .
Constructions from lexicographic products and directed products
In this section, we will construct DDGs from lexicographic products and directed products. Moreover, a characterization of normal (n, k, b, c)-DDGs with k = c is given.
Let Γ 1 and Γ 2 be two digraphs. The lexicographic product Γ 1 [Γ 2 ] from Γ 1 to Γ 2 is a digraph with vertex set V Γ 1 × V Γ 2 and arc set { ((u 1 , u 2 ), (u 1 , u 2 )) | (u 1 , u 1 ) ∈ AΓ 1 or u 1 = u 1 and (u 2 , u 2 ) ∈ AΓ 2 }. The directed product Γ 1 × Γ 2 from Γ 1 to Γ 2 is a digraph with vertex set V Γ 1 × V Γ 2 and arc set { ((u 1 , u 2 ), (u 1 , u 2 
The next theorem tells us how to derive DDGs from NRDs.
is a DDG if and only if
Proof.
Hence
is a DDG if and only if these numbers take on at most two values. By Proposition 2 in [4] , an NRD is normal. Moreover, cyclic DDGs are also normal. But it is easy to find some examples of non-normal DDGs. Let S n be the symmetric group of order n ≥ 3. Then Cay(S n , {(12), (12 . . . n)}) is a non-normal DDG. Let D 2n = a, b be the dihedral group of order 2n ≥ 6 satisfying a n = 1, b 2 = 1, bab = a −1 . Then Cay(D 2n , {a, b}) is a non-normal DDG.
Now we describe how to get a normal DDG using a normal DDG.
Proposition 3.4. If Γ is a normal DDG with adjacency matrix A, then the digraph with adjacency matrix A t is also a normal DDG with the same parameters as Γ .
Proof. The proof is obvious and will be omitted. 
Next theorem describes a characterization of normal (n, k, b, c)-DDGs
. Note that Γ 1 is also an NRD, and so this direction is clear by Corollary 3.3. Let Γ 1 denote a digraph with vertex set {u | u ∈ V Γ } and arc set
We will show that Γ Remark. It is easy to check that Cay(S 3 , {(12), (123)}) is a non-normal (6, 2, 0, 2)-DDG. But (ii) in Theorem 3.5 does not hold. Therefore, the condition "normal" cannot be removed.
Next theorem tells us when the directed product of two digraphs is a DDG. 
Proof. First note that Γ 1 ×Γ 2 is regular if and only if both Γ 1 and Γ 2 are regular. Moreover, the degree of Γ 1 × Γ 2 is the sum of the degrees of Γ 1 and Γ 2 .
It is easy to check that
Then the last three cases for the size of N u,v given above do not occur; then Γ 1 × Γ 2 is a DDG if and only if |{n − 2, m − 2, 2}| ≤ 2. This yields the digraphs of (i) and (ii).
Case 2. Γ 1 = K n . Then the third, fourth, fifth cases do not occur. Hence (iii) holds. 
Connections to weakly distance-regular digraphs
In this section, we will discuss some connections between DDGs and weakly distanceregular digraphs, which were defined in [6] .
For any two vertices x, y ∈ V Γ , define∂(x, y) = (∂(x, y), ∂(y, x)). A digraph Γ is said to be a weakly distance-regular digraph or WDRDG for short if pk i,j = |{z ∈ V Γ |∂(x, z) =ĩ and∂(z, y) =j}| depends only onk,ĩ ,j. Γ is said to be thin if pk i,j ≤ 1 for allk,ĩ ,j.
For more information about WDRDGs, we would like to refer readers to [5] [6] [7] . Hence, Γ is a DDG only when these numbers take on at most two values. All thin WDRDGs are normal DDGs. A special class of WDRDGs-short distanceregular digraphs (see [1] ) with girth at most 5-are normal DDGs.
Recently, A. Hanaki searched for WDRDGs with a small number of vertices, and uploaded the data from his search on his homepage at http://kissme.shinshu-u.ac.jp/as/ data/wdrdg.
In Table 2 , using the data from Hanaki's search, we list all SDDGs which are also WDRDGs with at most ten vertices.
In this table, Q 8 denotes the quaternion group. Finally we give an infinite family of DDGs which are also WDRDGs. 
